The "conformal mass prescriptions" were used recently to calculate the mass of spacetimes in higher dimensional and higher curvature theories of gravity. These definitions are closely related to Komar integrals for spacetimes that are conformally flat at great distances from the sources. We derive these relations without using the conformal infinity formalism.
where ξ µ is any vector field. Let dS µν = 1 2 ǫ µνρσ dx ρ ∧ dx σ be the coordinate surface element of a closed surface S. The Komar integral is
The gist of the relation between Komar's integral and the Ashtekar-Magnon prescription, which involves the Weyl tensor, is easily understood as follows. Let r 2 dS (with dS = sin θdθdϕ) be the surface element of a sphere of radius r in the asymptotically flat background in spherical coordinates. 2 Then K is a finite quantity if its integrant is of the form
where a, b, · · · are functions of θ and ϕ. Now K may equally well be written as
The covariant form of the integrant in (4) must thus be proportional to − Let us show that in an explicitly covariant way.
(ii) Asymptotically flat spacetime
If ξ µ is a Killing vector field, the covariant derivative of Komar's superpotential is related to the Riemannian curvature tensor R µν ρσ as follows :
Let n µ and m ν be two orthogonal normalized vectors orthogonal to S:
1 Indices λ, µ, ν, ρ, · · · = 0, 1, 2, 3; the metric gµν(x λ ) has signature + − −− and g is its determinant. Multiplication by √ −g is indicated by an additional hat,X, on a previously defined symbol like X. D is the covariant derivative associated with the metric gµν. The Levi-Civita symbol is ǫµνρσ with ǫ0123 = 1. Square brackets denote antisymmetrisation:
(Xµν − Xνµ). 2 We shall see below how to extend this argument to an asymptotically anti-de Sitter spacetime.
The coordinate surface element dS µν may be written as dS µν = −2n [µ m ν] d 2 x where d 2 x is thus defined as d 2 x = n µ m ν dS µν . We therefore have, for any Killing vector field ξ µ :
ξ µ may only be an asymptotic Killing vector of time translations in which case (5) and (7) are only asymptotically true. In asymptotically static and spherical coordinates (t, r, θ, ϕ)
dS = sin θ dθ dϕ and g 00 → 1 − 2GM/(c 2 r) (see e.g. [31] ), a short calculation yields :
which, following (3) and (4) The connection between the integral of the radial derivative of Komar's superpotential and the Ashtekar-Hansen [5] conformal mass is also very simply obtained. Since ξ µ → n µ , we have, from eq. (8) with (7):
Outside the sources, the Ricci tensor vanishes by virtue of Einstein's equations and R λ νρσ = C λ νρσ , where C λ νρσ is the Weyl tensor. At conformal flat infinity the Ashtekar-Hansen conformal factor Ω → 1/r 2 . We may therefore rewrite (9) as follows:
This expression is, with slightly different notations (in particular our metric is denoted without a hat), that given in Ashtekar and Magnon [6] on page 796 where they relate the conformal mass to the Komar integral in exactly the same way but in a conformal infinity formulation.
(iii) Asymptotically anti-de Sitter spacetime
When spacetime is asymptotically anti-de Sitter, the Komar integral (2) diverges. A way to remedy this is "renormalization": one subtracts fromĴ µν K the Komar superpotential of the anti-de Sitter backgroundĴ µν K (see [30] or [27] ):
where barred quantities are defined in the anti-de Sitter background spacetime with metric
If ξ µ and ξ µ are Killing vector fields we have, as above:
The metrics g µν and g µν coincide at infinity and
where l 2 is the characteristic scale of the anti-de Sitter spacetime. In static and spherically symmetric coordinates (t, r, θ, ϕ) :
If ξ µ → ξ µ is the asymptotic Killing vector of time translations we have :
As for the asymptotic behavior of the needed metric components g µν , we have [30] :
S being again the sphere of radius r → ∞. One thus gets, see [16] :
Notice that the non-zero component of m ρ is not 1 but r/l. Thus m ρ D ρ already contains the necessary factor r which appears in (4) but has also an unnecessary factor l which we remove by multiplication and we obtain therefore :
This is the expected result connecting the renormalized Komar integral (16) and its derivatives (17) .
The connection between (17) and the Ashtekar-Magnon-Das conformal mass formula is again very simply obtained. We have
Outside the sources the Einstein equations are R µν = 3g µν /l 2 and imply R µρσν = C µρσν − 1 l 2 (g µν g ρσ − g µσ g νρ ). Hence, at infinity, (R µρσν − R µρσν ) → C µρσν because there, g µν = g µν and C µρσν = 0. Thus (18) can also be written as:
This formula is the Ashtekar-Magnon-Das [7] [30] [4] formula which reads, in the (slightly adapted) notations of [32] :
Here √σ d 2 x ≡ dS,N ν = l ξ ν ≡ r n ν , with n ν defined in (14) ; the conformal factor Ω → 1/r, M ρ ≡ (r/l)m ρ , with m ρ defined in (14) , so thatÊ µν ≡ r(m ρ m σ C µρσν ).
(iv) Comments
The Ashtekar-Hansen and Ashtekar-Magnon-Das global conservation laws are based on the Penrose formalism [33] in which asymptotic regions are described by a conformal spacetime with an appropriate conformal factor Ω which depends on the underlying asymptotic physical metric.
We saw that those prescriptions amount to computing the radial derivative of Komar This is the Komar integral "ambiguity" alluded to in [21] . As we recalled, this divergence is easily removed if instead of K we use [27] K − K where K is the Komar integral evaluated in the anti-de Sitter "background". The anomalous factor 2 however remains. Finally, at null infinity (u ≡ t − r=const.) K does not [41] give the Penrose [34] mass nor is dK/du the Bondi [11] mass loss. Thus, the Komar integral does not describe properly conserved quantities associated with asymptotic symmetries 5 . Notice also that the Ashtekar-MagnonDas conformal prescription depends on second derivatives of the metric and requires thus more information on the background than the Komar integral.
In spite of its limitations the Komar superpotential played an important role in the development of conservation laws in general relativity and in the discovery of the first law of black hole thermodynamics [8] . It is also fair to say that the conformal mass and conservation laws of Ashtekar et al. appeared before the limitations of Komar integrals became apparent and were corrected. The Komar superpotential [26] can be derived from the Hilbert Lagrangian (the scalar curvature) using traditional Noether identities. It is a characteristic property of global conservation laws in general relativity derived from any Lagrangian by means of these identities [23] that they depend on a vector field ξ µ and that conserved vector densities, sayĴ µ , are divergences of anti-symmetric tensor densities or superpotentials :Ĵ µ = ∂ νĴ µν , like the Komar superpotentialĴ µν K . The asymptotic behavior of the gravitational field is also an essential ingredient in the construction of globally conserved quantities. In most cases spacetimes become flat at great distances from the sources but there has also been great interest in asymptotically anti-de Sitter spacetimes. In any cases it is useful to regard spacetimes at great distances from the sources as backgrounds with a metric of their own. In global considerations we are not interested in how spacetimes are mapped on backgrounds at finite distances.
Backgrounds are just another convenient and covariant way to deal with asymptotic limits.
There are, however, well known difficulties with superpotentials in that they are not uniquely defined. Recent work by Silva [38] , Julia and Silva [24] and Chen and Nester [13] [14] based on ideas of Regge and Teitelboim [36] lifted such ambiguities by imposing reasonable conditions that makeĴ µν essentially unique. That unique KBL superpotential 6 [26] , [27] 
According to Julia and Silva [24] this superpotential is the only one possessing all the following properties. It is generally covariant and can be computed in any coordinate system. In cartesian coordinates of an asymptotically flat spacetime it gives the ADM mass formula [2] and in asymptotically anti-de Sitter spacetimes it gives the AD mass [1] . It gives the mass and angular momentum as well as the Brown and Henneaux conformal charges [10] with the right normalization in any dimensions D ≥ 3. It can also be used for any Killing vector field of the background. It reproduces the Penrose mass [33] the Bondi mass loss [12] , the Penrose linear momentum [33] , the Sachs linear momentum flux [37] and the Penrose [34] and Dray and Streubel [20] angular momentum at null infinity. One may add that it gives the mass of a Kerr black hole in an anti-de Sitter background in D dimensions [15] . Finally the extension of the KBL prescription to Einstein-Gauss-Bonnet theory of gravity [16] gives also the mass and angular momenta of rotating black holes on AdS backgrounds in that theory [17] .
Of course, if one is interested in calculating conservation laws at spatial infinity only, either flat or AdS, one can as well use the ADM superpotential [2] or the Abbot and Deser one [1] or the Petrov and Katz one [35] or, in Einstein-Gauss-Bonnet theory, the Deser and
Tekin one [18] , [19] or other covariant Hamiltonian formulations many of which are reviewed in the recent paper of Szabados [39] . 
